We show that a perturbed inflationary spacetime, driven by a canonical single scalar field, is invariant under a special class of coordinate transformations together with a field reparametrization of the curvature perturbation in co-moving gauge. This transformation may be used to derive the squeezed limit of the 3-point correlation function of the co-moving curvature perturbations valid in the case that these do not freeze after horizon crossing. This leads to a generalized version of Maldacena's non-Gaussian consistency relation in the sense that the bispectrum squeezed limit is completely determined by spacetime diffeomorphisms. Just as in the case of the standard consistency relation, this result may be understood as the consequence of how long-wavelength modes modulate those of shorter wavelengths. This relation allows one to derive the well known violation to the consistency relation encountered in ultra slow-roll, where curvature perturbations grow exponentially after horizon crossing.
Introduction
It is by now well understood that Maldacena's consistency relation f NL = 5(1 − n s )/12 [1] , linking together the amount of local (squeezed) non-Gaussianity f NL with the spectral index n s − 1, and valid for attractor models of single field inflation [2] [3] [4] [5] [6] [7] [8] [9] [10] , cannot be directly observed. A correct account of the observable amount of primordial local non-Gaussianity yields [11] [12] [13] [14] [15] 
where O(k L /k S ) 2 stands for non-Gaussianity produced by non-primordial phenomena such as gravitational lensing and redshift perturbations (the so called projection effects [16, 17] ). This result may be understood as coming from a cancellation between the primordial value predicted in co-moving gauge 5(1 − n s )/12, and a correction −5(1 − n s )/12 + O(k L /k S ) 2 that arises after considering a change of coordinates rendering gauge invariant observables. This coordinate change corresponds to a transformation from co-moving coordinates to the so called conformal Fermi coordinates [12, 18] .
It appears to be entirely reasonable that the cancellation leading to (1.1) is only effective when the prediction of primordial non-Gaussianity corresponds to f NL = 5(1 − n s )/12. This is because Maldacena's consistency relation itself may be thought of as the consequence of a space-time reparametrization linking short-and long-wavelength curvature perturbations realized with the help of a symmetry of the system under a simultaneous spatial dilation and a field reparametrization [2] . Thus, any measurement of local non-Gaussianity would directly rule out single field models of slow-roll inflation [19] [20] [21] [22] [23] (attractor models of inflation), but it would not rule out other classes of inflation. In particular, one would be seriously motivated to consider more exotic models of inflation such as curvaton scenarios [24] , multi-field models [25] , or non-attractor models of inflation (that is, models for which the background depends on the initial conditions [26] [27] [28] [29] [30] ). For instance, in the case of ultra slow-roll inflation [26, 31] , one finds f NL = 5/2, from where it seems unlikely that a cancellation could happen.
In this article, we show that there is a slightly more general class of non-Gaussian consistency relations, of which Maldacena's relation is an example. This generalization emerges from a space-time reparametrization (linking short-and long-wavelength curvature perturbations) that is realized with the help of a more general symmetry. This time, the symmetry transformation involves both a time dilation and a spatial dilation. We will show that this symmetry is approximate in the case of ǫ ≪ 1 (where ǫ is the standard first slow-roll parameter), but exact in the case of ultra slow-roll (independently of the value of ǫ). In a previous work [30] a few of us have already investigated the derivation of non-Gaussian consistency relations valid for non-attractor models using symmetry arguments. The difference between the present work and ref. [30] is that the symmetry used here involves a space-time reparametrization affecting the action of curvature perturbations, whereas the symmetry explored in [30] corresponds to a symmetry of the full action driving inflation. * The existence of a more general consistency relation (coming from space-time reparametrizations) suggests that the vanishing of eq. (1.1) may be effective under more general conditions, valid beyond the attractor single field models of inflation. In particular, one could expect (1.1) to be valid in the extreme case of ultra slow-roll inflation. We will argue that this is indeed the case in a companion article [33] , where the use of conformal Fermi coordinates is considered for the case of non-attractor models.
We have organized this article as follows: In Section 2 we offer a review of the derivation of the standard consistency relation for single field slow-roll inflation (attractor inflation). In Section 3 we derive the generalized version of the consistency relation. We do this first for the simple case ǫ → 0, and then extend this result to the more subtle case ǫ = 0, where we pay some attention to the particular case of ultra slow-roll inflation. Then, in Section 4 we briefly discuss our results, and ask how they could be modified by deviations from the canonical models of inflation for which our results are strictly valid. Finally, in Section 5 we present our conclusions.
Review of the consistency relation derivation
Let us start by reviewing the derivation of the standard consistency relation for single field slow-roll attractor inflation, in which the curvature perturbation freezes on superhorizon scales. We will closely follow the discussion of ref. [5] , (see also the derivations in refs. [2, 6] ), but with a perspective that will show to be useful for generalizing the relation later on.
The metric line element describing a perturbed FRW spacetime, in co-moving gauge may be written as:
where a is the usual scale factor. We have adopted conformal time τ , which is related to cosmological time t via dτ = dt/a. The lapse δN = N − 1 and shift N i functions respect constraint equations that are found by varying the action of the perturbations. The linear solutions are given by:
After replacing these solutions back into the action, one obtains a cubic action describing a single scalar degree of freedom ζ. Now, let us consider the following transformations of coordinates and fields:
3)
5) † In this work we assume regular Bunch-Davies initial conditions. For a discussion on the effect of considering different initial states, see [34] .
where g and ∆ζ are functions of τ ′ only. We would like to know how these relations affect the form of the ζ-action for a certain choice of g and ∆ζ. Given that g and ∆ζ are taken as perturbations, this would require us to consider the full initial action, Einstein-Hilbert plus scalar field, including the background contributions (this is because (2.3) implies that some background terms will be promoted to perturbations). Instead of examining this change by inserting (2.3)-(2.5) in the full action explicitly, we may analyze the way in which the metric (2.1) is affected. This will allow us to infer how the action itself is affected by the transformation. To proceed, first notice that (2.3) and (2.4) imply
In second place, recall that N and N i were already fixed in terms of ζ, and so they must change according to (2.5) . This is because we are examining how the transformations alter the form of the ζ-action after N and N i were solved. One finds:
where ∆ψ is such that
Given that we are choosing ∆ζ to be x ′ -independent, ∆ψ satisfies the simpler equation ∂ 2 ∆ψ = ǫ∂ 0 ∆ζ. This equation is solved by ∆ψ = 1 6 x i x i ǫ∂ 0 ∆ζ, and so we may write:
Then, replacing all of these results back into the metric (2.1), we obtain:
It is important to keep the perturbations appearing in the term proportional to dx ′2 up to third order at least. In this case, we have kept ∆ζ and g exactly as they appear from the definition of the transformations (2.3)-(2.5). On the other hand, in those terms proportional to dτ ′2 and dτ ′ dx ′i we must keep the perturbations up to first order at least. The reason for doing this is that we want to understand how (2.3)-(2.5) change the form of the ζ-action up to third order. Given that the cubic action depends on the linear contributions to δN and N i , we do not need to worry about contributions coming from ∆ζ and g beyond linear order in terms proportional to dτ ′2 and dτ ′ dx ′i .
Next, notice that if we choose both g and ∆ζ constant, and demand them to satisfy ∆ζ = −g we end up with
This metric has exactly the same form of (2.1), and therefore the action for ζ ′ , obtained by using this metric, has the same form as the one for ζ. This in turn, implies that both ζ and ζ ′ are solutions of the same system of equations of motion. Moreover, these solutions are connected through the relation:
Since τ = τ ′ and x = e g x ′ , we may write instead:
This relation may be used to derive the squeezed limit of the bispectrum in terms of the power spectrum of the perturbations. First, let us consider a splitting of ζ into short-and longwavelength contributions of the form:
This separation of scales is not directly related to the size of the horizon during inflation. Initially the wavelengths of both ζ L and ζ S fit inside the horizon, while at later times they are both of superhorizon size. The point here is that, independent of the size of the horizon, we want to understand the non-linear effect of the long mode on the short mode.
At length scales of order k
S , the mode ζ L is effectively x-independent. In addition, if we are interested in attractor models of single field inflation, ζ L is also τ -independent. Then, if in eq. (2.15) we choose g = −ζ L (or, equivalently ∆ζ = ζ L ), we end up with
In other words, the long wavelength mode of ζ has been absorbed via a coordinate transformation. ‡ Relation (2.17) tells us that ζ S (τ, x) may be expressed in terms of a fluctuation ζ ′ that is a solution of the same system of equations satisfied by ζ, but with e ζ L x instead of x in the spatial argument. In other words, we have non-linear information about how the long-wavelength mode ζ L modulates the short wavelength mode ζ S . Next, let us consider the 2-point correlation
(2.18) ‡ This reveals that ζ corresponds to an adiabatic mode [35, 36] , and that the evolution of the short wavelength contribution ζS(τ, x) may be thought of as that of a perturbation ζ ′ on a new redefined background (obtained by the absorption of ζL).
Notice that ζ ′ ζ ′ (τ, |x−y|) is nothing but the usual 2-point correlation function of the curvature perturbation in co-moving gauge (because ζ ′ is a solution of the full system). Expanding the previous relation in powers of ζ L , we obtain
Then, by writing the fields in Fourier space as 20) we end up with
where we have defined
In the previous expressions, the power spectrum P ζ (τ, k) and its spectral index n s (k) − 1 are defined as
with r ≡ |x − y|.
The first term at the rhs of eq. (2.21) is independent of ζ L , so by correlating eq. (2.21) with
(2.24)
The squeezed limit of the bispectrum appears as the formal limit:
Thus, putting together eqs. (2.24) and (2.25) we see that the squeezed limit acquires the form:
This corresponds to Maldacena's well known consistency relation. It was obtained with the help of transformation (2.17) linking short-and long-wavelength co-moving curvature perturbations ζ S and ζ L through a "complete" curvature perturbation ζ ′ (that is, a curvature perturbation for which there has been no separation of scales). In other words, (2.26) gives us information on how the long wavelength mode ζ L modulates the short wavelength mode ζ S .
A generalized consistency relation
We would like to count with a consistency relation valid for cases in which the long mode ζ L is time dependent, that is, when the curvature perturbation evolves on super-horizon scales. For simplicity, let us first attempt this in the formal limit ǫ → 0. We will consider the case ǫ = 0 in Section 3.3.
Case with ǫ → 0
If ǫ = 0, the Hubble parameter H =ȧ/a is a constant, and the scale factor a is given by
Then, let us consider the following transformations:
2)
Here the quantities g, f and ∆ζ are all functions of τ ′ . For concreteness, let us assume that τ = τ ′ at a given reference time τ * . This implies that f = 0 at τ ′ = τ * . To make this explicit, one could write f as f (τ ′ ) =
τ ′ τ * dτ h (this will not be important though). This choice is completely arbitrary, and one could certainly fix initial conditions for f and g in other ways, without modifying the main conclusions of this section. The change of coordinates implies:
Note that now ∂ 0 ≡ ∂ τ ′ . Replacing these relations back into the metric (2.1), we find:
As before, let us recall that the perturbations appearing together with δN and N i may be treated up to linear order. On the other hand, those appearing together with ζ ′ must be treated up to cubic order. In this case, we are treating them exactly. Now, notice that if we demand that g is constant, and that
the metric reduces back to (2.13). Then, we conclude that the ζ-action is invariant under the transformations (3.2)-(3.4). Therefore, we have two solutions ζ and ζ ′ related through the following relation
In order to deduce the squeezed limit of the bispectrum in this class of models, let us now again consider the splitting
Recall that this time we are assuming that ζ L depends on time. As we did with (2.15), let us choose f and g in such a way that ∆ζ = ζ L :
At this point we notice that the difference between f and g is a pure perturbation. At the background level, where perturbations are absent, f and g necessarily have to coincide, and we recover the well-known De Sitter isometry τ → e λ τ , x → e λ x, studied in, for example, [36, 37] .
Given that f = 0 for τ = τ * , the previous relation sets the constant g as g = −ζ L (τ * ). Then we find that f is given by
This leads to a relation between ζ S and ζ ′ given by:
, and we recover eq. (2.17). We may now compute the power spectrum of ζ S . Up to first order in ζ L , it is direct to find in Fourier space
Correlating this expression with ζ L (k 3 ), we end up with
This expression involves the correlation of ζ L (k 3 ) evaluated at a given time τ , with ζ * L (k 3 ) which is evaluated at the reference time τ = τ * . When superhorizon modes freeze, the first line cancels and there is no difference between ζ * L (k 3 ) and ζ L (k 3 ), so we end up with Maldacena's standard attractor result. However, if ζ L grows on superhorizon scales fast enough for ζ * L to become subdominant, and for the first line to dominate the second one, we end up with
This is one of our main results. Equation (3.16) tells us that under a substantial super-horizon growth during inflation the squeezed limit is dominated by a time derivative of the power spectrum.
Non-Gaussianity in ultra slow-roll inflation
Before considering the more general case in which ǫ = 0, let us briefly analyze (3.16) in the context of ultra slow-roll inflation, where the inflaton field moves over a constant potential and, as a consequence, the curvature perturbation evolves exponentially after horizon crossing. The salient feature of this model is the rapid decay of ǫ, which is found to be given by
(3.17)
Although ǫ → 0 very fast, the value of η is found to be large:
The linear equation of motion respected by ζ on super-horizon scales is given by
Then, neglecting terms subleading in ǫ, one finds that ζ ∝ τ −3 . In other words, the power spectrum on superhorizon scales behaves as:
Using this result back into (3.16), we find that the bispectrum in ultra slow-roll is given by
which coincides with the well known expression previously found in the literature [27, 30] .
One should be careful with the result (3.21), even though it coincides with the known squeezed limit for ultra slow-roll inflation. Recall that we are judging the effect of the transformations (3.2)-(3.4) on the ζ-action from their effect on the metric. This implies that we are neglecting terms proportional to ǫ in the metric that could, according to eq. (3.18), have a sizable impact on the action due to time derivatives of ǫ. Strictly speaking, at this point in our derivation the result of eq. (3.16) is valid as long as ǫ ≪ 1 together with η ≪ 1. But under these conditions it is hard (or impossible) to have a sizable super-horizon growth of ζ that could lead to an interesting situation where eq. 
Case with ǫ = 0
Let us now analyze the more general case in which ǫ = 0. Here, we may consider the following transformation of coordinates and fields:
Notice that we are defining the time reparametrization in terms of the scale factor a in order to keep the transformation in the spatial part of the metric (which involves a(τ )) valid to all orders in the perturbation f . The effect of this transformation on the rest of the metric may be computed up to linear order. With this in mind, it is possible to derive that the time reparametrization to linear order is given by τ = τ ′ − 1 H f , where H = a −1 ∂ 0 a. Then, the transformations lead to:
where we used ∂ 0 H = (1 − ǫ)H 2 . Plugging these transformations back into the action (2.1), one finds:
Now, consider the following conditions on g and f :
It is direct to see that these two equations imply:
Then, the metric becomes
where we have defined ∆N i as 32) and where f is such that it is a solution of eq. (3.28). Now, it is clear from this result that the ζ-action will not be invariant under the present transformation unless either ∆N i = 0, or ∆N i leads to the appearance of a total derivative. This second option will not be true in general, and ∆N i will imply terms in the action that are proportional to ǫ and η.
At this point, the metric of eq. (3.31) differs from the original metric of eq. (2.1) by the fact that ∆N i does not vanish. The difference is of order ǫ, as expected from the analysis of Section 3.1. In what follows, let us explore what would be required to satisfy the condition ∆N i = 0, independently of the size of ǫ (that is, we will not assume that ǫ is small). First, it is direct to see that ∆N i = 0 is equivalent to
This implies that f must have the following dependence on time:
where C is an integration constant that may be chosen conveniently. Note that here we cannot adopt the condition f = 0 at a given time τ = τ * . This is because of the way in which f is introduced in eq. (3.23). Now, according to eq. (3.28), the solution for f given by eq. (3.34) must be compatible with ∆ζ. In other words, it must be possible to choose C in such a way that
(where we have used H = Ha). This corresponds to a strong restriction on ∆ζ, which has not been chosen yet. As in the previous subsections, we are interested in identifying ∆ζ as:
Inserting this back into (3.35), we see that ∆N i = 0 is only possible if (remember that in eq.
Of course, this behavior is not guaranteed in general. However, in the particular case of ultra slow-roll inflation one has ǫ ∝ 1/H 2 a 6 , and so we may rewrite (3.37) aṡ 38) which is nothing but (3.19) . As a consequence, we see that in ultra slow-roll inflation one has ∆N i = 0 independently of the value of ǫ. Therefore, we have shown that the transformations (3.22)-(3.24) with f , g and ∆ζ chosen as in (3.34), (3.30) , and (3.36) respectively, correspond to an exact symmetry of the action for curvature perturbations in ultra slow-roll inflation (independent of the size of ǫ). This should not come as a surprise. Similar to exponential inflation, ultra slow-roll inflation never ends, and so the size of ǫ (which dilutes as ∼ a −6 ) cannot be regarded as a fundamental quantity describing the state of inflation.
The final step is to deduce an expression for ζ S . This is found to be 39) with g the solution of eq. (3.30). It is straightforward to see that g will contribute terms that are subleading in ǫ, and so we recover the expression (3.16) found in Section 3.1. This in turn, leads to the well known result (3.21).
Discussion
Now that we know that (3.16) is valid for ultra slow-roll inflation, but not for general situations with ǫ = 0, we would like to anticipate how this result could change once we consider models that depart from the exact ultra slow-roll behavior. First, if the action describing single field inflation is canonical, then all of the couplings appearing in the ζ-action will consist of time derivatives of H, such as ǫ and η. Given that the action remains invariant under the set of transformations (3.22)- (3.24) in the case of ultra slow-roll, then models with a background close to ultra slow-roll have departures at most proportional to 6 + η.
However, in order to have a small spectral index in models close to ultra slow-roll it is necessary to have |6 + η| ≪ 1, and so it would not be possible to have large departures from (3.16) unless the spectral index becomes incompatible with observations. Another possibility is to consider non-canonical models of inflation. In this class of models one has an additional parameter, the sound speed c s , which is not directly related to variations of H. This time, the action for ζ could have terms (parametrizing departures from the ultra slow-roll case) proportional to:
This type of departure would not be suppressed for small values of c s , and one could expect sizable modifications to the result shown in (3.21) . In fact, a direct computation shows that the modification to (3.21) due to c s is given by [29] 
This result has also been obtained through symmetry arguments [30] pertaining the structure of the Lagrangian of P (X)-theories of inflation [38] , but not through symmetry arguments related to space-time parametrizations, as considered here. Given that c s appears as a consequence of non-gravitational interactions, it seems reasonable to assume that a space-time reparametrization leading to (4.1) does not exist.
Conclusions
We have generalized the well known non-Gaussian consistency relation (2.24) to a broader class of relations that is able to cope with those classes of models where the curvature perturbation ζ evolves on super-horizon scales. This relation is given by eq. (3.15), and in the case where the super-horizon growth dominates, it leads to:
The standard non-Gaussian consistency relation (2.24) can be understood a symmetry involving a simultaneous spatial dilation and a reparametrization of the curvature perturbation. In the case of (5.1), the symmetry involves a time dilation together with a reparametrization of the curvature perturbation. In both cases, the reparametrization is induced by super-horizon evolution of the long-wavelength contributions of the curvature perturbation. While this symmetry is approximate in general when ǫ ≪ 1, it becomes exact in the case of ultra slow-roll, independently of the value of ǫ. (It is also exact when ǫ = 0.)
Our result complements previous studies on consistency relations derived from symmetries of quasi-de Sitter spacetimes [36, 37, [39] [40] [41] [42] [43] applied to the context in which curvature perturbations freeze at horizon crossing. In addition, our result substantiates one more time the well known violation to the standard consistency relation found by the authors of ref. [27] . However, our result raises the question how the non-Gaussianity expressed in (5.1) would survive the transition from a non-attractor phase -in which ultra slow-roll is dominant-to an attractor phase where standard slow-roll inflation is dominant (before inflation ends).
Given that the expression leading to (5.1) involves a time derivative of the power spectrum, one may suspect that once the non-attractor phase concludes, and the modes stop evolving on super-horizon scales, this contribution would become suppressed. In this case, the transition to the new phase would imply a leading contribution to the bispectrum dictated by the scale dependence of the power spectrum (through n s − 1). Strictly speaking, our expression cannot describe this transition. This is because during such a transition the system is no longer invariant under the set of transformations (3.22)- (3.24) . It is invariant during ultra slow-roll, and during slow-roll, but not in between.
One could speculate that in such a transition (from non-attractor to attractor, see also [44] ) the amount of non-Gaussianity in the form of (5.1) could be transferred to a form of nonGaussianity that is described by (2.24) . But this would necessarily imply an unacceptably large value of the spectral index n s − 1. Another possibility is that, instead of (5.1), the bispectrum produced during ultra slow-roll has to be read as
without taking into consideration the time derivative appearing in the expression preceding it. In other words, the factor 6 implied by the τ -derivative becomes engraved on the distribution of superhorizon modes, and survives until the modes re-enter the horizon much after inflation. Given that ultra slow-roll inflation has gained some prominence as a transient period of inflation that could explain certain phenomena associated to primordial physics [45, 46] , this seems to be a relevant issue to clarify. § Ultimately, however, we are interested in the amount of squeezed non-Gaussianity available to a free-falling observer like us, rather than to a comoving observer. In [33] we will study this issue more closely, by introducing the use of conformal Fermi coordinates [12] [13] [14] . There, we will argue that the primordial squeezed non-Gaussianity produced in non-attractor models such as ultra slow-roll is non-observable (f obs NL = 0). That would render irrelevant the question to which extent the non-attractor corrections to f NL in comoving coordinates, as computed in this paper, survive the end of inflation, or the transition to a slow-roll phase. Whatever comoving result one gets, we will conjecture that it will be cancelled by a similar term arising from the switch from comoving to Fermi coordinates.
